Abstract. The aim of this work is to show a Berwald type inequality for the extremal universal integrals based on (α,m) concave function. Some examples are given to illustrate the validity of these inequalities.
Introduction
As an important tool, the theory of fuzzy measure and fuzzy integrals introduced by Sugeno in [1] , can be used for modelling problems in non deterministic environment. However, in several real situations, the Sugeno integral is restricted because of the special operations. Therefore, many authors generalized the Sugeno integral by using some other operators to replace the special operator(s) ∧ and/or ∨ and introduced Choquet-like integral [2] , Shilkret integral [3] , ⊥ -integral [4] , and pseudo-integral [5] . In [6] Klement provided a concept of universal integrals generalizing both the Choquet and the Sugeno integrals.
The following Berwald inequality is well known in [7] : Let f be a nonnegative concave function on [a, b] . Then, for all r, s such that 0 < r < s < ∞, the following inequality hold In [8] , Agahi proved the Berwald type inequality for Sugeno integral. 
In [9] , Agahi proved the Berwald type inequality for universal integral.
where β = (1+s)
In this paper, we generalize Berwald inequality for smallest universal integral from concave function to (α, m)-concave function. Specially, concave function is equivalent to (1, 1)-concave function.
Preliminary results
In this section, we will review some well known results of universal integrals [6] and (α, m) -concave function [10] .
Normed monotone measures on (X, A ) , i.e. monotone measures satisfying μ (X) = 1 , are also called capacities [1, 11] .
For a measurable space (X, A ) , i.e. a non-empty set X equipped with a σ -algebra A , recall that a function f :
denotes the set of all monotone measures satisfying μ (X) = a ; and we take
(iii) Let S be the class of all measurable spaces, and we take
DEFINITION 3. The Sugeno [1] , Shikret [3] and Choquet [12] integrals (see also [13, 2, 14] ) respectively, are given, for any measurable space (X, A ) , for any measurable function f ∈ F (X,A ) and for any monotone measure μ ∈ M (X,A ) , i.e. for any
where the convention 0 · ∞ = 0 is used. All these integrals map M (X,A ) × F (X,A ) into [0, ∞], and fixing an arbitrary f ∈ F (X,A ) , they are non-decreasing functions from
DEFINITION 5. [15, 16] A function ⊗ is called a pseudo-multiplication if it satisfies the following properties:
(i) it is non-decreasing in each component, i.e. for all
(ii) 0 is an annihilator of ⊗ , i.e., for all a ∈ [0, ∞] we have 0 ⊗ a = a ⊗ 0 = 0; (iii) ⊗ has a neutral element different from 0 , i.e., there exists an element e ∈ (0, ∞] such that, for all a ∈ [0, ∞] , we have e ⊗ a = a ⊗ e = a . DEFINITION 6. For a given pseudo-multiplication on [0, ∞], we suppose the existence of a pseudo-addition ⊕ :
which is continuous, associative, nondecreasing and has 0 as neutral element and which is left-distributive with respect to
is called an integral operation pair.
called a universal integral if the following axioms hold:
(i) For any measurable space (X, A ), the restriction of the function I to M (X,A ) × F (X,A ) is non-decreasing in each coordinate;
(ii) there exists a pseudo-multiplication ⊗ :
Then the smallest universal integral I and the greatest universal integral I based on ⊗ are given by
where
and Pr od (a, b) = a · b , the smallest universal integral reduce to the Sugeno and Skilkret integral, i.e., Su = I Min and Sh = I Pr od , respectively. REMARK 2. There is neither a smallest nor a greatest pseudo-multiplication on [0, ∞]. But, if we fix the neutral element e in [0, ∞], then the smallest pseudo-multiplication ⊗ e and the greatest pseudo-multiplication ⊗ e with neutral element e are given by 
). Observe that, in this case, universal integrals are restricted to the class
is a semicopula or conjunctor (see [17] ). The smallest universal integral I on the [0, 1] scale related to the semicopula is given by
This type integral was called seminormed integral in [18] . Specially, for a fixed strict t -norm T , the corresponding universal integral I T is the so-called Sugeno-Weber integral in [19] 
Main results
Proof. Let 0 < r < s < ∞ and
, then by (3.5) we have
and the proof is completed. 
As some special cases of (α, m)-convex functions, we get the following results. 
Thus,
2 , a straightforward calculus shows that
with neutral element e ∈ (0, ∞], then for any monotone measure μ ∈ M (X,A ) , we have
s and the proof is completed. 
where 2 , then we obtain the Berwald type inequalities for seminormed integral based on (α, m)-concave function containing some special cases.
